math101 solved practice questions all in one for mid term 2017

Practice Exercise lecture no. 4
Q1.  Find the slopes of the sides of the triangle with vertices (-1, 3), (5, 4) and (2, 8).

Solution: Let A(-1,3), B(5,4) and C(2,8) be the given points, then

Slope of side AB = ﬁ: 1
5+1 6

. 8—4 4
Slope of side BC = —— =—
2-5 3
Slope of side CA = ﬁ:é
-1-2 3

Q2.  Find equation of the line passing through the point (1,2) and having slope 3.

Solution:

Point-slope form of the line passing through P (xl, yl) and having slope m is given by
the equation:

Yy—-n :m(x_xl)

= y-2=3(x-1)

= y—-2=3x-3

= y=3x-1

Q3.  Find the slope-intercept form of the equation of the line that passes through the
point (5,-3) and perpendicular to line y =2x+1 .

Solution:
The slope-intercept form of the line with y-intercept b and slope m is given by the
equation: y=mx+b

1

The given line has slope 2, so the line to be determined will have slope m = -
Substituting this slope and the given point in the point-slope form: y—y, =m (x - xl) ,
yields
S (-3)= - (x-5)
4 2

:>y+3=—;—(x—5)
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= ——1—x+i—3: ——1—x—1—
Y73 2 Y 2 2

Q4.  Find the slope and angle of inclination of the line joining the points (2, 3) and

(-1, 2).
Solution: If m 1s the slope of line joining the points (2, 3) and (-1, 2) then
- 2-3 1.
m=22"N _ =— 1is the slope
x,-x -1-2 3

Now angle of inclination is:

tanl =m
tan @ = l
3

1
0 =tan"’ (§) =18.43°

Q5. By means of slopes, Show that the points lie on the same line

A(-3,4), B@3,2); C(6,1)

. . 2-4 2 1
Solution:  Slope of line through A(-3,4);B(3,2) = —=-——=——
3+3 6 3
. -2 1
Slope of line through B(3,2); C(6,1) = c3- 3
Slope of line through  C(6, 1) ; A(3,4) = —— - > __1
p g 2 2 2 _3_6 9 3

Since all slopes are same, so the given points lie on the same line.
Practice Exercise
Lecture No.S: Distance, Circles, Equations
Solution 1:
The formula to find the distance between any two points (x,,),) and (x,,y,) in the
coordinate plane is given as
d = \/(xz 'xl)2 +(», 'yl)2
The given points are (5,6) and (2,4), so the distance between these two points will be

Created by: Hafiza Mubeen

Page 2



math101 solved practice questions all in one for mid term 2017

d=@2-5) +(4-6)
=Je3r 2y
=v9+4
=13

Solution 2;
It is given that center of the circle is (1,3). We are also given a point on the circle that is

(—2,—4) as shown below.

A

PP ¢ >

' 4
The radius of the circle will be the distance between the points (1,3) and (-2,-4). That is

Radius = d = \/[1- (-2)]’ +[3— (-4)°

=) +(7)’
=J9+49=4/58

Solution 3;
The general form of the equation of circle is given as

4x* +4y* —16x-24y+51=0
It can be re-written as
(4x* —16x)+(4y" —24y)=-51
(2x)* —-2(8x)+(2y)" —2(12y)=-51
In order to complete the squares on the left hand side, we have to add 16 and 36 on both
sides, 1t will then become
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(2x)° —2(8x) +16+(2y)* —2(12y) +36=-51+16+36
(2%)° =2(2x)(D) +(4°) + (2y)* - 2(2y)(6) + (6)* =1
(2x—4)’ +(2y-6)’ =1

(x~2)° +(y-3)* = G]

Comparing it with the standard form of the equation, the center of the circle will be (2,3)
and the radius will be%.

Solution 4;
The general form of the equation of circle is given as

2x> +2y° +6x—-8y+12=0
It can be re-written as
(2x* +6x)+(2y° —-8y)=-12
(x> +3x)+()° —4y)=-6
. 9
In order to complete the squares on the left hand side, we have to add " and 4 on both
sides, it will then become

(x° +3x+%)+(y2—4y+4):—6+%+4

o2 2 J+[ 3] +or =20+ @ -

2

(x+%j +(y—2)2 :%

Comparing it with the standard form of the equation, the center of the circle will be
2 2| and radius will be -
2 2
Solution S:

The general form of the equation of circle is given as
X’ +y'—4x-6y+8=0
This can be re-written as
(x* —4x)+(y* -6)y)=-8
In order to complete the squares on the left hand side, we have to add 4 and 9 on both
sides, it will then become
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(¥’ —dx+4)+()°—6y+9)=-8+4+9
()’ =2()(2)+(2)" + ()" —2()3) +(3)" =5
(x-2)* +(y-3)* =5
Comparing it with the standard form of the equation, the center of the circle will be (2,3)

and the radius will be /5 .
SOLUTION 6:

v 3x° +6x+3)y° +18y—-6=0,

=3(x* +2x+)  +6y-2)=0, ( taking 3 as common)
=x’+2x+)y°+6y-2=0, (- dividing by 3 on both sides)
=X +2x+1+)Y° +6y+9=2+9+1,

= (x+1)’+(y+3)° =12,

= (x+ 1)+ (r+3)° =(V12)°,

= (= (D)’ + (=3 =(12)’,

. Centre of the circle is (-1,-3) and radius is V12,

SOLUTION 7:
x*—6x+3)°—-8y=0, (. rearranging the term)
x*—6x+y°-8y+(3)’ =(3), ( adding (3)* on both sides)
(x> —6x+9)+y° -8y =9,
(x* —6x+9)+y" —8y+(4)’ =9+(4)’ , (- adding (4)° on both sides)
(x> —6x+9)+ (1> -8y +16)=9+16,
(x=3) +(y-4) =9+16 ,
(x=3)+(y=4)=(25", ___ ea ()
2 2
C(x—x) +(y-y) =1 eq.(2)
The eq.(1) is now in the standard form of eq.(2). This equation represents
a circle with the center at (3, 4) and with a radius equal to V25

SOLUTION 8:
The standard form of equation of circle 1s
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(x=h) +(y—=k)" =71,

Here h=3 k=-2 ,r=4

(x=3)" +(y=(-2)" =4,

X' —6x+9+y’+4+4y=16,

X’ +y —6x+4y=16-9-4 ,

X' +y —6x+4y=3.
SOLUTION 9:

The distance formula between two points (x;,y,) and (x,,y,) in a coordinate plane 1s
given by

d:\/(xz_x1)2+(y2_y1)2 ’
d=(8-2) +(6-4) .
=J(6) +(2) ,

=\/36+4
=40

B

- 2.10.
SOLUTION 10:

The radius is the distance between the center and any point on the circle, so find the
distance:

r:\/(xz—xl)er(yZ—yl)2 ,

B

B

Then the radius is 17 , or about 4.123, rounded to three decimal places.
Practice Exercise

Lecture No.6: Functions
Q.No.1

Find the natural domain and the range of the given function
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h(x) = cos*(+x).
Solution:

As we know that the +/x is defined on non-negative real numbers x > 0. This means that
the natural domain of /(x) is the set of positive real numbers.

Therefore, the natural domain of 4(x) =[0, + ).
As we also know that the range of trigonometric function cos x is [—1 , 1 ]

The function cos” v/x always gives positive real values within the range 0 and 1 both

inclusive. From this we conclude that the range of h(x)=[0,1].

Q.No.2
Find the domain and range of function f defined by f(x)=x>-2.
Solution:

f(x)=x"-2

The domain of this function is the set of all real numbers.
The range is the set of values that f(x) takes as x varies. If x is a real number, x* is
either positive or zero. Hence we can write the following:

x> >0,
Subtract —2 on both sides to obtain
x'-2>-2.

The last inequality indicates that x> —2 takes all values greater than or equal to —2. The

range of function f is the set of all values of f(x) in the interval [-2, +o0).

Q.No.3
Determine whether y =++/x+3 is a function or not? Justify your answer.

Solution:

© y==2+x+3

This is not a function because each value that 1s assigned to ‘x’ gives two values of y
So this is not a function. For example, if x=1 then

y==xJ1+3,
y=%4,

y=+2.

Q.No.4

Determine whether y = X+2
x+3
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Solution:
X+ 2

x+3
This is a function because each value that is assigned to ‘x’ gives only one value of y
So this is a function. For example if x=1 then

_1+2
ST
_3
Y rk
y=0.75.
Q.No.5
2
(a) Find the natural domain of the function f(x)= i 146 .
x J—
(b) Find the domain of function f defined by f(x)= ( — 5) :
X+
Solution:
(a)
x> -16
fE=S—r,
x+4)(x-4
> = EEDED,
(x—4)

=(x+4) ; x=4.
This function consists of all real numbers x, exceptx =4.
(b)
-1
)=
(x + 5)

This function consists of all real numbers x, exceptx =— 5. Since x = — 5 would make
the denominator equal to zero and the division by zero is not allowed in mathematics.

Hence the domain in interval notation is given by (—o0,—5) (=5, +).

Practice Exercise
Lecture No.8: Graphs of Functions
Lecture No.9: Limits

Choose the correct option for the following questions:

1) Ifa vertical line insects the graph of the equation at two points, then which of
the following is true.

I. It represents a function.

I1. Tt represents a parabola.

III. Tt represents a straight line.
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IV. It does not represent a function.

2) Which of the following is the reflection of the graph of about y-axis?
L

1L

1R

V.

3) Given the graph of a function and a constant ¢, the graph of can be obtained by
I. Translating the graph of up by c units.

Il. Translating the graph of down by c units.

III. Translating the graph of right by ¢ units.

IV. Translating the graph of left by ¢ units.

4) Given the graph of a function and a constant c, the graph of can be obtained by
I. Translating the graph of up by ¢ units.

I. Translating the graph of down by ¢ units.

III. Translating the graph of right by c units.

IV. Translating the graph of left by c units.

5) Which of the following is the reflection of the graph of about x-axis?
V.

VL

VIL

VIIL

Q.No.6

If and then find the value of ‘c’ so that .

Answer:

Q.No.7

Find the limit by using the definition of absolute value

Answer:

Q.No.8

Find the limit by using the definition of absolute value

Answer: -1

Q.No.9
Evaluate: .

Answer: 0
Q.No.10
Evaluate: .

Answer:
Practice Exercise
Lecture No.14: Rate of Change
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Q.No.1

Find the instantaneous rate of change of f(x) = x2 + 1 at x,.
Answer: 2x,

Solution:
Since f(x) = x2 + 1 at x,,

fxg+h)=f(xe) ((xo+h)2+1)—(x5+1)

i o LELE0) _ gy (ot G54

. X2+h%4+2x,h+1-x3-1

— llm 0 0 0 :
h—0 h
. h%+2x,h

= lim o
h—0 h
. h(h+2x

= Jim 2t 2%)
h—0 h

= lim(h + 2xo),

= 2x, by applying limit, (Answer).

Q.No.2
Find the instantaneous rate of change of f(x) =vx+2 at an
arbitrary point of the domain of f.

Answer: —
* 2va+2

Solution:
Let a be any arbitrary point of the domain of f. The instantaneous rate of
change of f(x) atx = a is

lim f)-fla) lim vx+2—Va+2
X2 x g T xoa x—a i

— lim Vx+2—+a+2 % Vx+2++va+2
- x—a x—a vx+2++vVa+2
x+2—a-2

X2 (x—a)Vx+2+a+2’

by rationalizing,

= lim

X—a

(x—a)Vx+2+va+2’

= lim,,
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1
Vx+2++va+2’

= lim,._,,

1 T
= i by applying limit,

1
= (Answer).

Q.No.3
The distance traveled by an object at time t is = f(t) = t2. Find the
istantaneous velocity of the object at t, = 4 sec.

Answer: 8

Solution:
Ft)-f(to)

Vinst = Megn = hmtl—>t0 t1—to

>

t2—42

= lim —
t{—ot
1 0 t1—t0

>

(t;+4)(t1—4)
ti—to

GHDGD ecause to = 4 sec,
(t1—4)

= limtl_)4_ (tl + 4‘),

>

- llmtl_)to

- llmtl_)4_

= 4 + 4 by applying limit,
= 8 (Answer).

Q.No.4

Find the instantaneous rate of change of f(x) = x3 + 1 at x, = 2.
Answer: 12

Solution:
fxo+h)—f(x0) — lim f(2+h)—f(2)’
h h—-0 h
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(2+h)3+1)—(23+1)

= lim ,
h—0 h
. (2343(2)2h+3(2)h2+h3+1)—(23+1)
= lim ,
h-0 h
.  8+12h+6h%+h3+1-(8+1)
= lim ,
h—0 h
. 9+12h+6h?+h%-9
= lim ,
h—0 h
. 12h+6h%+h®
= lim ——,
h—0 h
. h(12+6h+h?
= lim 222+
h-0 h

= lim(12 + 6h + h?),
h—0

= 12 (Answer).

Q.No.5
(a) The distance traveled by an object at time t is s = f(t) = t2.
Find the average velocity of the object between t = 2 sec. and t = 4 sec.

(b) Let f(x) = i Find the average rate of change of f over the
interval [5,7].
Answer: (a) 14 (b) % m/sec

Solution:
(a) Avergae Velocity =

Distance travelled during interval

>

TIme Elapsed

_ f&)—=f(to)
T bt

_f@-f)
T 42

vave °

>

4222
— 2 ,
16—4

2 >
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12
2 2
= 6 (Answer).

Distance travelled during interval

(b) Avergae Velocity =

>

TIme Elapsed

flx)—f(x0)
Mgec = #7

_ f()-f(5)
A
1 1

7—-1 5-1

= —2—14 m/sec. (Answer).

Practice Exercise
Lecture No.17: Derivatives of Trigonometric Functions
Q.No.1
. ody . s 3
Find ™ if y=x°cotx =
Answer: 3x2cotx — x3cosec?x + %

Solution:
. 3
Given y = x3cotx — =

4y _ 2 (53 34 _a (1)
— = cotx— (x*)+x — (cotx) —(5);
— 2 3(— 2,) — i(i)
cotx (3x2) + x3(—cosec ;c) 3—(=)
= 3x2 cotx —x3cosec’x + =  (Answer).
X
Q.No.2

. dy . :
Flndﬁ if y=x*sinxatx =m.
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Answer: —n*
Solution:

=(f.9) = f.=(9) + 9.5 ().
y =x*sinxatx =m,
2 — sinx L (x*) + x* L (sinx),
dx dx dx
= sinx (4x3) + x*(cosx),
= 4x3sinx + x*cosx,
= 43 sinw + mt cosm, atx = m,
= 413(0) + n*(-1),
= —n* (Answer).

Q.No.3
2-8t+t?

Find f'(¢) if f(t) =——
Answer: [Gt=8)sinO]-[(t*-8t+2)(cos 1)]

sin? ¢

Solution:
(L) 9. U =1 () 9()

ax\g@/ [9()]2 ’
_ 2-8t+t

f(t) T sint 5
' __[(sint)(—8+2t)]-[(2—-8t+t*)(cos t)]

f (t) - (sin t)2 4
__ [(2t-8)(sin t)]-[(t%2—8t+2)(cos t)]

sin? ¢
Q.No.4
Find f'(y) if () = 25220,
-2)(cos y+3sec? y)|—[(sin y+3 tany )+(3 y?)]
yo—4y3+4

B

(Answer).

Answer; &

Solution:
a (@) @ (0) () (g (%))

ax \g(x)/ [g(x)]? ’

) =—:7

' [(¥3-2)(cos y+3 sec? y)|-[(sin y+3tan y )+ (3 y?)]
' = ’
(r3-2)2
_ [(y®-2)(cos y+3sec? y)|~[(sin y+3 tan y )+(3 y?)] (Answer)
- y6-4y3+4 .

sin y+3tany

Q.No.5
(a) Find Z—z if y = (5x% + 3x + 3)(sinx) .
(b) Find f'(t) if (t) = 5tsint .
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Answer: (a) (5x?+3x+3)(cosx) +sinx.(10x + 3)
(b) 5tcost+ 5sint

Solution:
@ v =(f.9)=fo(9)+g=(.
y = (5x% 4+ 3x + 3)(sinx) ,
;_x [(5x2 4 3x +3)(sinx)] = (5 x% 4+ 3x 4+ 3)(cosx) + sinx (10x +3)  (Answer).

) = = (f.9)=f.2-(9)+ g5 ().
f(t) = 5tsint,
;—x(S tsint) = 5tcost + (sint)(5),
=5tcost+ 5sint  (Answer).

Practice Exercise
Lecture No.20: Derivatives of Logarithmic and Exponential
Functions
Q.No.1

Differentiate: y=(5 —x)& .

Anner %:[lngi_;x)_(sﬁ)}(s‘x)&

Solution:
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Jx
y= (5 — x) ,
taking log on both sides ,

:>1ny:\/;ln(5—x) ( lnm”:nlnm),

ldy 1 1
— Y e n(5-x)+——(-1).
=g x)+(5_x)( )x
d_y_ ln(S—x)_ Jx
dx 24x (5—x) 4
dy [In(5-x) Jx N
bt A _ 5_
:>dx [ 2% (5—x) ( x)
Q.No.2
Differentiate y=(COSX)8x with respect to 'x'.
Answer: b _ (8 In(cosx)— 8xsinxj(cos x)gx
dx cos X
Solution:
8x
y=(cosx)" ,
taking log onboth sides,
:>1ny:(8x)ln(cosx), ( Inm" :nlnm),
zi%:&ln(cosx)Jr (cos x).(—sinx).(Sx), ( %(lnx) :% ; %(cos x) =-—sinx j,
dy _ 8xsinx
= . —[8 In(cos x) oox j.y,
= dy _ (8 In(cos x)— 8xsmx](cosx)gx.
dx cos x
Q.No.3

. . __ Ls§inS .
Differentiate Y =X " with respect to 'x'".

Answer: % - (s(cos 5x).In(x)+ Smxsx](xsm)
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Solution:

sinSx

y=x >
Taking log on both sides ,

>lhy= (sinSx)ln(x) , ( Inm” :nlnm) ,

zi%: 5(cosSx).ln(x)+%(sin5x) , [ %(lnx) zi ; %(sinx) =Ccosx j ,

- [5(%5 ) In () + 52 Sx].y ,
[

X

sin 5x :
5 5 1 sinSx )
(cos5x).In(x)+ ; j(x )

Q.No.4

3x+4
Differentiate V=X € .

Q —e 3x+4
dx

3x+4

Answer: +3xe

Solution:

y=xe b
d
_y:eSx+4
dx
dy _ 3x+4

=>-——=¢ +3xe
dx

d
= +xe ™ —(x+4),
dx

3x+4

Q.No.5

Find the derivative of the function y =In(2+x") with respect to 'x'.

4
Answer: ¥ _ %
dx (2+x)
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Solution:

y=In2+x"),
now taking the derivative of the function on both sides ,
dy_4d

e {In(2 + xs)} ,
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